We investigate the structure of the moduli space of multiple BPS non-Abelian vortices in U (N ) gauge theory with N fundamental Higgs fields, focusing our attention on the action of the exact global (color-flavor diagonal) SU (N ) symmetry on it. The moduli space of a single non-Abelian vortex, CP N −1 , is spanned by a vector in the fundamental representation of the global SU (N ) symmetry. The moduli space of winding-number k vortices is instead spanned by vectors in the direct-product representation: they decompose into the sum of irreducible representations each of which is associated with a Young tableau made of k boxes, in a way somewhat similar to the standard group composition rule of SU (N ) multiplets. The Kähler potential is exactly determined in each moduli subspace, corresponding to an irreducible SU (N ) orbit of the highest-weight configuration.
In addition to the position moduli, each non-Abelian vortex has internal orientational moduli which are associated with the SU(N) C+F color-flavor symmetry, broken by the individual vortex configurations. Consider for instance a particular BPS solution
where H ANO and A ANO µ are the fields describing the well-known Abrikosov-Nielsen-Olesen (ANO) vortex solution. Clearly, the solution breaks SU(N) C+F down to SU(N − 1) × U(1) and therefore the corresponding Nambu-Goldstone zero-modes, which we call internal orientational modes, appear on the vortex and parametrize the coset
These questions are clarified in the present paper.
These issues are actually intimately related to the question of the non-Abelian monopoles.
Indeed, a U(N) vortex system such as ours can always be regarded as a low-energy approximation of an underlying larger, e.g. SU(N + 1), gauge theory, spontaneously broken to SU(N) × U (1) gauge group, by the vacuum expectation value (VEV) of some other scalar field at a mass scale much higher than the typical vortex mass scale. In such a hierarchical symmetry-breaking setting, whatever properties we find out about the vortices can be translated into those of the massive monopoles sitting at the extremes, as a homotopy-sequence consideration relates the two, at least semi-classically [17] 2 . We shall, however, not dwell much on these points in the present work: we shall come back to them elsewhere.
In this paper the moduli space of k vortices are studied by using the U(k) Kähler quotient construction due to Hanany-Tong [1] . We analyze the moduli space in algebraic geometry by using certain SL(k, C) invariants: symmetric polynomials of the vortex centers and "baryonic invariants" 3 . We find algebraic constraints for these invariants which specify the embedding of the internal moduli space in a complex projective space. The moduli space of vortices contains various SU(N) orbits, each of which belongs to a certain representation of SU(N). We analyze the structures of those SU(N) orbits by using "vortex state vectors" constructed from the SL(k, C) invariants, by the help of some auxiliary harmonic-oscillator states.
When k vortices are all separated, vortex states can be written as coherent states in such a description. Accordingly, the vortex states can be shown to correspond to factorized (nonentangled) products of k single vortex states in the fundamental representation.
The situation of the k-winding vortices with coincident centers turns out to be considerably subtler. It will be shown that each SU(N) orbit of k rotationally invariant (axially symmetric) vortices corresponding to some irreducible representation, which we call the "irreducible SU(N)
orbit," can be classified by a Young tableau with k boxes. Generic orbits belong to reducible 2 The monopole-vortex correspondence becomes far subtler when one is interested in the properties of light monopoles. The low-energy dynamics and renormalization-group effects both for the vortex [3, 4] and monopole [19] must be properly taken into account. This requires also a careful identification of the quantum vacua [20] , as many of the systems involved possess large vacuum moduli. 3 Although they have nothing to do with real physical baryons, for formal similarity and for convenience these invariants will be referred to "baryonic invariants" or simply as "baryons": see Section 2.1 below.
representations and the associated vortex states can be written as a superposition of irreducible states.
One of the deepest aspects of our results is the fact that the vortex moduli, which describe a degenerate set of classical extended field configurations, behave under the exact SU(N) global symmetry as a moduli space of quantum oscillator states, characterized by irreducible multiplets and having the possibility of superposition of "states". Even if this should be regarded just as a formal aspect of mathematical interest here, it could provide a physical key to quantummechanical understanding of non-Abelian monopoles through the vortex-monopole connection, briefly mentioned above.
Also, albeit our results here -understandably -basically obey the standard composition rule for SU(N) multiplets, the composition rule of the non-Abelian vortices is found to possess various special features (see below); for instance, the vortex moduli space involves in general much fewer dimensions than naïvely expected.
All irreducible SU(N) orbits are Kähler submanifolds inside the full moduli space. We shall construct the Kähler potential on each of the irreducible SU(N) orbits and find that the coefficient of the Kähler potential is quantized as an integer: the latter is uniquely specified by the associated Young tableau. We point out the existence of a duality between pairs of irreducible orbits corresponding to the conjugate representations of SU(N), which are found to describe, as expected, the same low-energy effective action.
The rest of the paper is organized as follows. In Section 2, the basic features of the moduli space of k non-Abelian vortices are reviewed. We then proceed to construct the "baryonic invariants" which form good coordinates on our moduli space. By making use of these we find the representations of k separated vortices in Section 2.2; we construct an irreducible representation for a specific (highest-weight) configuration of coincident vortices in Section 2.3. In Section 3 the solution to the constraints on the "baryonic invariants" is worked out and the result is used to show the SU(N) decomposition rule for generic vortex solutions for given k. A particular attention is paid to the consideration of the limit of co-axial vortices. The cases of k = 1, 2, 3 are explicitly solved, while a general recipe is given, valid for any N, k. The Kähler potentials for the irreducible SU(N) orbits are obtained in Section 4. A brief summary and outlook is given in Section 5. A few details of our analysis are postponed to the Appendices.
2 Moduli space of non-Abelian vortices
The moduli space and GL(k, C) invariants
The moduli space of the non-Abelian U(N) vortices governed by the BPS Eq. (1.1) was first studied by Hanany-Tong [1] . There the dimension of the moduli space M k of k vortices has been shown by using an index theorem calculation to be
with k being the topological winding number. Moreover, they found a D-brane configuration and derived a Kähler quotient construction for M k . It is sometimes called a half-ADHM construction by analogy with the moduli space of instantons. In the D-brane configuration, the k vortices are k D2-branes suspended between N D4-branes and an NS5-brane. The low-energy effective field theory on the k D2-branes is described by a U(k) gauge theory coupled with a k-by-k matrix Z in adjoint representation and a k-by-N matrix ψ in the fundamental representation k of the U(k) gauge symmetry, given by D2-D2 strings and D2-D4 strings, respectively. The U(k) gauge symmetry on the D2-branes acts on Z and ψ as
The moduli space M k can be read off as the Higgs branch of vacua in the U(k) gauge theory on the k D2-branes, which is the Kähler quotient of the U(k) action (2.2)
3)
This Kähler quotient gives a natural metric on M k provided that (Z, ψ) has a flat metric on
Unfortunately, the geodesics of such a metric do not describe the correct dynamics of vortices [1] . The 2d FI parameter r is related to the 4d gauge coupling constant by r = 4π g 2 , (2.5) 4 The general result of Ref. [1] in U (N ) theory for N F ≥ N flavors is dim C M k = kN F . However, we restrict our attention to the case N F = N and hence local vortices in this paper. 5 Here the normalization of the scalar fields Z, ψ is chosen so that they have canonical kinetic terms in the 2-dimensional effective gauge theory on the D2 branes. In this convention the eigenvalues of Z (i.e. vortex positions)
are dimensionless parameters.
which holds under the RG flow if the 4d theory has N = 2 supersymmetry and the 2d theory has N = (2, 2) supersymmetry [3, 4] .
According to Ref. [21] the Kähler quotient (2.3) can be rewritten as a complex symplectic quotient as 6) where instead of having the D-term condition µ D = r1 k , the pair of matrices (Z, ψ) is divided by the complexified non-compact group U(k) C = GL(k, C) which acts in the same way as Eq. (2.2).
Here the quotient denoted by the double slash "/ /" means that points at which the GL(k, C) action is not free should be removed so that the group action is free at any point. This quotient is also understood as the algebro-geometric quotient, so that the quotient space is parametrized by a set of GL(k, C) holomorphic invariants with suitable constraints, see e.g. Ref. [22] .
The starting point of our analysis, Eq. (2.6), can also be obtained directly from a purely field-theoretic point of view, based on the BPS equation (1.1). It has been shown by using the moduli-matrix approach [7] [8] [9] that all the moduli parameters of the k-vortex solutions are summarized exactly as in Eq. (2.6). The 4d field theory also provides the correct metric on M k describing the dynamics of vortices as a geodesic motion on the moduli space. Although a general formula for the metric and its Kähler potential has been derived [12] , the explicit form of the metric is however difficult to obtain since no analytic solutions to the BPS equation are known. Nevertheless, the asymptotic metric for well-separated vortices has recently been found in Ref. [10] .
6
In what follows, we analyze the moduli space Eq. (2.6) without assuming any metric a priori.
Our prime concern is how the exact global SU(N) symmetry acts on the vortex moduli space M k . The matrix Z is a singlet while ψ belongs to the fundamental representation N. Namely, the SU(N) acts on Z and ψ as
As will be seen this action induces a natural SU(N) action on the moduli space of vortices.
We will also discuss the metrics on the symmetry orbits on which the SU(N) acts isometrically.
To this end, we use the algebro-geometric construction [22] of the moduli space by using the GL(k, C) invariants which provide a set of coordinates of the moduli space.
6 See Ref. [11] for an alternative formula for vortices on Riemann surfaces.
Clearly, the coefficients σ i (i = 1, . . . , k) of the characteristic polynomial of Z are invariants
Since the vortex positions z I (I = 1, . . . , k) are defined as the eigenvalues of Z (roots of the characteristic polynomial)
the parameters σ i and z I are related by
where P i (i = 1, . . . , k) are the elementary symmetric polynomials defined by
Note that vortex positions z I are not fully invariant under GL(k, C) transformations since they can be exchanged by the Weyl group S k .
Other invariants can be constructed as follows. Let Q (n) (n = 0, 1, . . .) be the following (k, N) matrices of SL(k, C) × SU(N) (Eqs. (2.2) and (2.7)):
One can construct SL(k, C) ⊂ GL(k, C) invariants from Q (n) by using the totally anti-symmetric
We call these the "baryonic invariants" or sometimes simply "the baryons" below, relying on a certain analogy to the baryon states in the quark model (or in quantum chromodynamics).
Remark: although obviously they have no physical relation to the real-world baryons (the proton, neutron, etc.), no attentive reader should be led astray by such a short-hand notation.
Note that the baryons (2.13) are invariant under SL(k, C) and transform under the remaining
with a suitable weight λ.
The vortex positions {z
In addition to these parameters, there are baryons
as moduli parameters, where V denotes an infinite-dimensional complex linear space spanned by the baryons. The problem is that not all of these invariants are independent of each other; the baryons B n 1 n 2 ···n k r 1 r 2 ··· r k and σ i satisfy certain constraints by construction. Therefore, the vortex moduli space Eq. (2.6) can be rewritten as
Since the baryonic invariants transform under SU(N), there exists a linear action of SU(N) on V : this induces an SU(N) action on the moduli space.
Consider now the constraints on the parameters σ i and the baryons B
For this purpose it turns out to be convenient to introduce an auxiliary set of k linear harmonic oscillator states, each of which carrying an SU(N) label, and make a map from the vector space V to the Fock space of such oscillators. Let us introduce a "vortex state vector" 16) with n i ∈ Z ≥0 , 1 ≤ r i ≤ N; the associated annihilation and creation operatorsâ i ,â †
satisfy the standard commutation relations
Note that once |B is given, the baryonic invariants can be read off from the following relation 20) where |0, r 1 ; · · · ; 0, r k ≡ |0, r 1 ⊗ · · · ⊗ |0, r k are the ground states. Now there are three types of constraints to be taken into account (see Appendix A for more details): 7 We hasten to add that no relation between the notion of vortex "state vectors" here and any quantum dynamics is implied by such a construction.
1. From definition (2.13) one can see that the baryons satisfy the anti-symmetry property
where A i stands for the pair of indices (n i , r i ). This constraint can be rewritten aŝ 22) whereρ denotes an element of the symmetric group S k . For an elementρ
the action on the state is defined bŷ
2. The second condition is a consequence of the relation
where P i (â 1 , · · · ,â k ) are the elementary symmetric polynomials made ofâ i (cfr. Eq. (2.11)).
3. The last type of constraints are the quadratic equations for the baryons, which follow from Eq. (2.13):
where A i stands for the pair of indices (n i , r i ). This constraint is a generalization of the Plücker relations for the Grassmannian.
Eqs. (2.22) and (2.25) can be viewed as linear constraints for baryons with σ i -dependent coefficients. Therefore, for a given set of values {σ i }, they define a linear subspace W (σ i ) ⊂ V to which the vortex state vector |B belongs. We will see that the representation of the SU(N) action on W (σ i ) is independent of σ i and isomorphic to k copies of the fundamental representation N
Note that not all vectors in this "state space" W (σ i ) represent vortex state vectors since they must still satisfy Eq. (2.26). Namely, the vortex moduli space is defined by the constraints (2.26), which are quadratic homogeneous polynomials of the coordinates of W (σ i ) with σ i -dependent coefficients.
The moduli space of k separated vortices
Let us first consider the case of winding-number k vortices with distinct centers, z I = z J (for all
Thus, in the case of z I = z J , there exists an
Namely, the most generic form of the solution to the constraint (2.28) is
where |z I i , r i are the coherent states defined by
Recall that the coherent states are eigenstates of the annihilation operatorŝ
Then the constraint (2.25) reads
This means that {z
Taking into account the anti-symmetry condition (2.22) , the solution of the constraints (2.22) and (2.25) is given by
whereÂ denotes the anti-symmetrization of the stateŝ
and the redefined baryonsB r 1 r 2 ···r k are the coordinates of W (σ i ). As stated in Eq. (2.27),B r 1 r 2 ···r k is in the direct product representation k i=1 N. They can be expressed in terms of the original baryons B n 1 n 2 ···n k r 1 r 2 ··· r k by using the relatioñ
where |0, r 1 ; · · · ; 0, r k ≡ |0, r 1 ⊗ · · · ⊗ |0, r k are the ground states and e I (I = 1, . . . , k) are the polynomials defined as for each i = 1, 2, . . . , k. This is solved bỹ
Since the baryons are divided by U(1)
We thus see that for separated vortices the baryon given in Eq. (2.34) can be written as an anti-symmetric product of "single vortex states"
This means that the moduli space of the separated vortices is just a k-symmetric product of C × CP N −1 parametrized by the position of the vortices z I and the orientation φ
where S k stands for the symmetric group. Note that the space of vortex states Eq. (2.40), which are just generic (anti-symmetrized) factorized states. It spans far fewer dimensions (2Nk) than might naïvely be expected for the product-states made of k vectors, which would have a dimension of the order of 2N k , ignoring the position moduli.
Remarks
As is clear -hopefully -from our construction, the use of the vortex "state vector" notion is here for convenience only, made for exhibiting the group-theoretic properties of the non-Abelian vortices. In other words we do not attribute to |B any direct physical significance. Accordingly, It is tempting, on the other hand, to note that any choice of a metric in V would induce a metric on the vortex moduli space, which is of physical interest. As discussed briefly in Appendix B, however, a simple-minded choice of the metric for |B does not lead to the fully correct behavior of the vortex interactions.
Highest-weight coincident vortices and SU (N ) irreducible orbits
Let us next consider k vortices on top of each other, all centered at the origin. Namely we focus our attention on the subspace of the moduli space specified by the condition
Since the coherent states of Eq. (2.30) are not the general solution to the constraint (2.28), the situation is now more complicated. To understand the structure of this subspace in detail, it is important to know how the SU(N) C+F acts on it. As we have seen, the moduli space of vortices can be described in terms of the vortex state vector endowed with a linear representation of the SU(N) action. We will denote the SU(N) orbits of highest-weight vectors (to be defined below) the "irreducible SU(N) orbits" since the vectors belong to irreducible representations on those orbits. In this subsection we classify irreducible SU(N) orbits by Young tableaux.
The "highest-weight vectors" will be defined as the special configurations of ψ and Z satisfying the following conditions:
• Any U(1) N −1 transformation in the Cartan subgroup of SU(N) can be absorbed by a
• Any infinitesimal SU(N) transformation with a raising operatorÊ α can be absorbed by an infinitesimal SL(k, C) transformation. Namely, for an arbitrary lower triangular matrix L whose diagonal entries are all 1, there exists an elementg ∈ SL(k, C) such that
Such configurations are classified by a non-increasing sequence of integers
In other words, they are specified by Young tableaux (diagrams) 9 with k boxes
where the height of the i-th column is l i and the width of the i-th row is k i . The total number of boxes is equal to the vortex winding number k. An example of a pair of matrices (ψ, Z)
corresponding the highest-weight state is given in Fig. 1 . For such a pair of matrices (ψ, Z), one can check the existence of g andg satisfying Eq. (2.43) and Eq. (2.44), given by 
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The baryons corresponding to (ψ, Z) are given by
We claim that this state is the highest-weight vector of the irreducible representation of SU(N) specified by the Young tableau. This can be verified as follows. Since (ψ, Z) satisfy the condition Eq. (2.43), the baryons transform under the U(1) N −1 transformation according to
where k i is the number of boxes in the i-th row of the Young tableau. The weights of the U(1)
action can be read off in terms of k i as satisfy the condition Eq. (2.44), the SL(k, C) invariants B n 1 n 2 ···n k r 1 r 2 ··· r k are annihilated by the raising 10 For example, The subgroup H can be specified by removing the nodes in the Dynkin diagram which correspond to non-zero Dynkin labels m i = 0, i.e. it is specified by a painted Dynkin diagram [23] . Therefore, the irreducible orbits can be written as generalized flag manifolds
is the number of removed nodes and q i (i = 1, . . . , p + 1) is the number of nodes in the connected component between the (i − 1)-th and i-th removed nodes (see Fig. 2 ).
The number p is denoted the rank of the Kähler coset space (2.53). One can also verify that an H-transformation on (ψ, Z) can indeed be absorbed by GL(k, C) transformations.
It will now be shown that the irreducible orbits are the fixed-point set of the spatial rotation
To see this, it is sufficient to check that the highest-weight state is invariant under the rotation (2.54), since the SU(N) transformations commute with the spatial rotation. One way to show the invariance of the highest-weight state is to find a GL(k, C) transformation which cancels the transformation (2.54) on the matrix of Fig. 1 . A different, but easier, way is to check the invariance of the highest-weight state (2.45) under the action of the spatial rotations explicitly.
Since the generator of the spatial rotationĴ acts on the ground state |0 ≡ |0, r 1 ⊗ · · · ⊗ |0, r k and the operatorsâ,â † as (J is just a number operator) 
Since the phase of the state vector is unphysical, Eq. (2.56) shows that the highest-weight state is invariant under the spatial rotation. Therefore, the irreducible orbits are in the fixed-point set of the spatial rotation. The inverse also turns out to be true: we can show by using the moduli-matrix formalism that any fixed points of the spatial rotation are contained in one of the irreducible orbits. Therefore, the fixed-point set is precisely the disjoint union of the irreducible orbits.
All this can be seen more explicitly in terms of the original fields. The solution (H, A µ ) to the BPS equation (1.1) corresponding to the irreducible orbits can be determined from the fact that they are invariant under the spatial rotation
where
µ ) be the solution of k ANO vortices situated at the origin z = 0. They transform under the rotation as
58)
The solution on the irreducible orbits can be obtained by embedding the ANO solutions into diagonal components
where U ∈ SU(N) 
We can also see that the solution (2.59) is invariant under the same subgroup of SU(N) as the state on the irreducible orbit specified by the Young tableau with k i boxes in the i-th row.
Therefore, the irreducible orbit with the set of Dynkin labels [
corresponds to the BPS solutions of the form of Eq. (2.59).
In the next section, we will show that a vortex state at a generic point on the moduli space is given by a linear superposition of vectors corresponding to various irreducible representations.
Furthermore, in Section 4, metrics for all irreducible SU(N) orbits will be obtained by assuming that the metrics are Kähler and isometric under the SU(N) action.
SU (N ) decomposition of general k vortex states
In this section we solve the constraints (2.25) and (2.26) in order to find the SU(N) property of a general k-winding vortex. The cases of k = 1, 2 and 3 are solved concretely; a general recipe for the solution will be given, valid for any N and for any winding number k. A particular attention will be paid to the vortices with coincident centers. The results of these analyses provide the SU(N) decomposition rule for a generic vortex state of a given winding number.
3.1 k = 1 vortices k = 1 is a trivial example. In this case, we have
There is no nontrivial constraint, so that the moduli space is
As |B is in the fundamental representation of SU(N), the orientational moduli space is given by the orbit of a vector in the fundamental representation.
Solution of the constraints for k = 2
This is the first case with nontrivial constraints.
With coordinates σ 1 = z 1 + z 2 ∈ C and σ 2 = z 1 z 2 ∈ C, the linear constraints (2.25) in this case are given by 
It is convenient to decomposeB r 1 r 2 into the irreducible representations of SU(N)
Then, the solution can be rewritten as
where σ 1 = z 1 + z 2 . If we naïvely take the coincident limit z 2 → z 1 , the symmetric part drops
Although this state satisfies the constraint (3.3), this is not the most general solution in the coincident case. To obtain the correct expression for the most general solution, let us redefine
Then, the solution (3.5) can be rewritten as
where we have introduced a square of the relative position as
In this expression, it is obvious that the symmetric part also survives in the coincident limit In terms of A rs and S rs , the baryonic invariants can be read off from the solution using (2.20) 12) and hence, the Plücker conditions (2.26), which are the remaining constraints, can be rewritten as A pq A rs + A pr A sq + A ps A qr = 0, (3.13)
A pq S rs + A rp S qs + S ps A qr = 0, (3.14)
w A pq A rs + S pr S qs − S ps S qr = 0. (3.15)
By these constraints, the moduli space of two vortices is embedded into C 2 × CP N 2 −1 which is parametrized by independent coordinates {σ 1 , σ 2 , A rs , S rs }. Now, let us look into two different subspaces corresponding to the irreducible SU(N) orbits.
They are obtained by setting 1) S rs = 0, A rs = 0 and 2) A rs = 0, S rs = 0.
1) Consider first the subspace with S rs = 0. Eq. (3.15) allows S rs = 0 only in the coincident case w = 0. Note that Eq. (3.14) is automatically satisfied by S rs = 0, and that Eq. (3.13) gives the ordinary Plücker conditions which embed the complex Grassmannian Gr N,2 into a complex projective space CP N (N −1)/2−1 ≃ {A pq }/ /C * . We find therefore that the subspace S rs = 0 is:
According to the results in the previous section, this is the irreducible SU(N) orbit for .
2) In the other subspace characterized by A rs = 0, we have a nontrivial constraint S pr S qs = S ps S qr . The general solution is
Here φ r is nothing but the orientation vector given in Eq. (3.1), so S rs = φ r φ s corresponds to the k = 2 vortices with parallel orientations. The corresponding moduli subspace is given by 18) which is indeed the other irreducible orbit, extended for generic w. We have thus identified the two moduli subspaces, the irreducible SU(N) orbits of anti-symmetric and symmetric representations, respectively. They correspond to the vortex states in Eq. (3.9) without the second or the first term, respectively. The generic vortex state (3.9) is a linear superposition of these two states.
Note that in some cases the orbits of different representations are described by the same coset manifold. For example, both and are given by CP N −1 , see Eqs. (3.2) and (3.18). As we shall see in Section 4, however, the Kähler class completely specifies the representations and distinguishes the orbits belonging to different representations 12 .
More on k = 2 coincident U(2) vortices
Let us study k = 2 vortices in the U(2) case in some more detail by looking at another slice of the moduli space. This case in particular has been studied in the Refs. [13] [14] [15] [16] [17] [18] . In this case, there exist only a singlet A 12 and a triplet {S 11 , S 12 , S 22 } of SU(2).
Among the constraints (3.13)-(3.15), the only nontrivial one is
Let us consider the moduli space of coincident vortices which corresponds to the subspace w = 0.
In this case, the above constraint is solved by S rs = φ r φ s again. Now, the moduli subspace is parametrized by the center of mass position z 0 = σ 1 2
and {η, φ 1 , φ 2 } with η ≡ A 12 . Thus, the vortex state is given, without constraints, by 20) where the singlet |z 0 1 and the triplet |z 0 ; r, s 3 are given by
Note that the C * ⊂ GL(k, C) acts as
Hence the moduli subspace for the two coincident vortices is found to be the two dimensional weighted projective space with the weights (2, 1, 1)
This is exactly the result obtained previously [14, 15] . Although this might be seen as just a reproduction of an old result, there is a somewhat new perspective on the irreducible representation of SU(2). Here we would like to stress again that A 12 = η is the singlet while S rs = φ r φ s is the triplet. Together they form the coordinate of W CP 2 (2,1,1) . In Fig. 3 , we show the space W CP In Appendix C we discuss possible metrics on W CP 
Solution for the k = 3 coincident vortices
In this section, we consider k = 3 vortices sitting all at the origin, σ 1 = σ 2 = σ 3 = 0 (z 1 = z 2 = The tensors S, Y, X, A have the following index structures By setting two among S, X or A to be zero, we obtain the corresponding SU(N) irreducible 13 In contrast to the standard composition-decomposition rule for three distinguishable objects in the N representation, two inequivalent highest weight states in the same irreducible representation, described by the same mixed-type Young tableau, will appear. This is not so for our k vortices.
S :
X : A : Fig. 4 : The irreducible orbits in the moduli space of k = 3 vortices.
orbits, which can be immediately read off from the Young tableaux as (for N ≥ k = 3)
Due to the existence of Y , the whole subspace with σ i = 0 is more complicated than the k = 2 case. The simplest nontrivial case N = 2 (SU(2) global symmetry) somewhat enlightens our understanding. In that case, A is identically zero and the following parametrization using the coordinates {η,
solves all of the Plücker relations except for
Therefore, η is a locally dependent coordinate. Since the equivalence relation is Both of them are isomorphic to
According to the results of the next section, however, they are characterized by the different
Kähler classes while their Kähler potentials are given by
Generalization to arbitrary winding number
In this section, we comment on a generalization to the case of an arbitrary winding number k. As we have seen in the k = 2, 3 cases, the coherent states (2.30) become insufficient to describe the general solution to the constraint (2.25) when two or more vortex centers coincide. The procedure to obtain the general solution for k = 3 vortices can be generalized to the case of arbitrary k as follows. Let |S; r 1 , · · · , r k ; {z i } be the following linear combination of the coherent states
where the polynomial ∆ and the operatorsv are defined by
This state vector (3.42) is a solution of the constraint (2.25) which is well-defined even in the coincident limit z I → z J :
Other well-defined solutions can be obtained by acting with polynomials of annihilation operatorŝ a i on |S; r 1 , · · · , r k ; {z i } . The linearly independent solutions are generated by the polynomials h i (â 1 , · · · ,â k ) satisfying the following property 14 for arbitrary symmetric polynomials P :
space H on which the symmetric group S k acts linearly
47) 14 The conditions (3.46) can be written in an alternative, equivalent form
The representation of H is isomorphic to the regular representation of S k .
where g i j (ρ) is a matrix corresponding to the transformation ρ ∈ S k . By using a linearly independent basis {h i }, the general solution to Eq. (2.25) can be written as a superposition of
Since |S; r 1 , · · · , r k ; {z i } is well-defined for arbitrary vortex positions, this expression of the general solution is valid even in the coincident limit. Taking into account the constraint Eq. (2.22), we find that X i r 1 ···r k should have the following index structure
This condition reduces the number of degrees of freedom to
and Eq. 
Kähler potential on irreducible SU (N ) orbits
In this section we will obtain the metric on each of the irreducible orbits inside the vortex moduli space M k by use of a symmetry argument. We only use the fact that the metric of the whole vortex moduli space is Kähler and has an SU(N) isometry.
One of the most important characteristics of non-Abelian vortices is that they possess internal orientational moduli. These arise when the vortex configuration breaks the SU(N) C+F symmetry to its subgroup H ⊂ SU(N). For a single vortex, it is broken to SU(N −1)×U(1) and the moduli space is homogeneous. On the other hand, the moduli space for multiple vortices, i.e. k > 1, is not homogeneous and has some anisotropic directions (even if we restrict ourselves to consider the subspace of coincident vortices). Consequently, the shape of the metric at generic points cannot be determined from the symmetry alone. The metric is not isometric along such a direction, and the isotropic subgroup H (and the orbit SU(N)/H) can change as we move along such a direction in M k . 16 The moduli space M k contains all irreducible SU(N) orbits associated with all possible Young tableaux having k boxes, as its subspaces which are invariant under the action of the spatial rotation. In the following, we uniquely determine the metrics for all irreducible SU(N) orbits.
The irreducible orbits are all Kähler manifolds although generic SU(N) orbits are not. 17 We shall derive the Kähler potentials instead of the metrics directly.
The pair of matrices (ψ, Z) corresponding to generic points on an orbit is obtained by acting with SU(N) on a specific configuration (ψ 0 , Z 0 ). Let us decompose any element U ∈ SU(N) as
where D is a diagonal matrix of determinant one and L (U) is a lower (upper) triangular matrix whose diagonal elements are all 1. This is called the LDU decomposition. 18 In this case, the matrix U is a unitary matrix UU † = 1, and hence the matrices L, D and U are related by
Therefore, once the matrix U is given, the lower triangular matrix LD is uniquely determined up to multiplication of diagonal unitary matrices u as LD → uLD. That is, entries of U are complex coordinates of the flag manifold SU(N)/U(1) N −1 .
16 This usually occurs in supersymmetric theories with spontaneously broken global symmetries and is called the supersymmetric vacuum alignment [25] . This phenomenon was discussed for non-Abelian vortices in Ref. [24] and for domain walls in Ref. [26] . For non-Abelian SO, U Sp vortices see Ref. [27] . 17 All irreducible SU (N ) orbits, which are the set of zeros of the holomorphic Killing vector for the spatial rotation, can be obtained as subspaces in M k by imposing certain holomorphic conditions. The latter takes the form (apart from the co-axial condition σ i = 0) B = 0 for baryons which are not in a pure irreducible representation. Therefore the Kähler metrics are induced by these constraints from the Kähler metric on M k . It is an interesting question if a Kählerian coset space in M k always corresponds to an irreducible orbit. 18 An invertible matrix admits an LDU decomposition if and only if all its principal minors are non-zero.
Let ψ 0 and Z 0 be matrices of the form given in Fig. 1 and m = [m 1 , m 2 , · · · , m N −1 ] be the set of Dynkin labels of the corresponding highest-weight state. Since the matrices ψ 0 and Z 0 satisfy the conditions (2.43) and (2.44), LD can be always absorbed by g ∈ GL(k, C) andg ∈ SL(k, C)
given in Eq. (2.47)
This implies that a pair (ψ, Z) parametrizing the irreducible SU(N) orbit is given by
The vortex state constructed by the latter is obtained as 5) with operatorsÛ andÛ corresponding to U and U respectively.
In supersymmetric theories, ψ and Z can be regarded as chiral superfields. The complex parameters contained in U are also lifted to chiral superfields and can be regarded as Nambu- Since the vortex moduli space M k has an SU(N) isometry, the Kähler potential for M k , which is a real function of σ i and B, should be invariant under the SU(N) transformation
19 The generic Kähler potential on SU (N )/U (1) N −1 , which contains N − 1 free parameters (Kähler classes), can be obtained from the method of supersymmetric non-linear realizations [28] . When all chiral superfields contain two Nambu-Goldstone scalars as in our case, they are called the pure realizations.
where |B is the vortex state vector satisfying all the constraints (2.22), (2.25) and (2.26). Furthermore, the C * transformations on the Kähler potential should be absorbed by the Kähler
since the C * action on |B gives a physically equivalent state e λ |B ∼ |B . Note that this transformation can be absorbed only when λ is holomorphic in the moduli parameters. We can easily show that the function f (λ) has the following properties
From these relations the form of the function f can be determined as
Now we are ready to derive the Kähler potentials for the irreducible SU(N) orbits. With the above assumptions, the Kähler potential for the SU(N) orbit can be calculated as 12) where U l are l-by-N minor matrices of U given by 14) which matches the result (2.5) based on the D-brane picture [1] . It can be also determined from the charge of instantons trapped inside a vortex [5] .
Recently, some of us constructed [29] the world-sheet action and computed the metrics explicitly from first principles for the vortices in SO, USp and SU theories, generalizing the work of Refs. [4, 6] . The systems considered include the cases of some higher-winding vortices in U(N)
and SO(2N) theories: the results found there are in accordance with the general discussion given here.
Examples
In this subsection we provide two examples with N = 2 and N = 3 to illustrate the determination of the Kähler potentials.
N = 2
To be concrete, let us take some simple examples for N = 2. For simplicity, we first consider the k = 2 case. There are two highest-weight states: the triplet and singlet, for which ψ 0 and Z 0 take the form, see In the former case SU(2) is broken to U(1) and the orbit is SU(2)/U(1) ∼ = CP 1 . Applying
Eq. (4.12), we obtain the Kähler potential for the Fubini-Study metric on CP
On the other hand, SU (2) is unbroken in the singlet case. Indeed ψ 0 is just the unit matrix, so that an arbitrary SU(2) transformation can indeed be canceled by GL(2, C).
This can be easily extended to the generic case with k > 2. In the case of (2) 
N = 3
Next, let us study the N = 3 case. There are four different types according to the Young tableaux and the unbroken groups H, see Table 1 . We parametrize the matrix U as
The complex parameters a, b, c are (would-be) Nambu-Goldstone zero-modes associated with SU(3) → H. Applying Eq. (4.12), we find which is nothing but the Kähler potential of
is unbroken, so that the orbit is just a point (with a vanishing Kähler potential).
Conjugate orbits
Note that in the SU(3) example discussed in the last subsection the replacement 
where (E) ij = δ i,N −j+1 .
Coming back to the concrete SU ( In particular, various "irreducible SU(N) orbits" have been identified: they correspond to fixed-point sets invariant under the spatial rotation group. These solutions are axially symmetric and they transform according to various irreducible representations appearing in the decomposition of the direct product.
Although some of our results might be naturally expected on general grounds, a very suggestive and nontrivial aspect of our findings is the fact that the points of the vortex moduli space, describing the degenerate set of classical extended field configurations, are formally mapped to oscillator "quantum-state" vectors, endowed with simple SU(N) transformation properties.
Also, the way the irreducible orbits are embedded in the full moduli space appears to be quite nontrivial, and exhibits special features of our vortex systems. For instance, an irreducible orbit associated with a definite type of Young tableau appears only once, unlike in the usual decomposition of k distinguishable objects in N.
We have determined the Kähler potential on each of these irreducible orbits. Since we have used symmetry only, our Kähler potential cannot receive any quantum corrections except for the overall constant r even in non-supersymmetric theories 20 . The results found agree with some explicit calculations made recently by some of us [29] . further studied in detail in the Refs. [27, 29, [34] [35] [36] . Especially, G ′ orbits in the moduli spaces of SO and USp non-Abelian vortices have been studied in Ref. [27] . Irreducible orbits in these cases may be classified by (skew-)symmetric Young tableaux.
Finally, a possible relation to Young tableaux for Yang-Mills instantons [37] and its application to the instanton counting [38] may be interesting. For the instanton counting, the integration over the instanton moduli space is reduced to a sum over the Young tableaux, which correspond to fixed points of the instanton moduli space under a linear combination of the SU(N) action and spatial rotations, as in our case of vortices. Roughly speaking possible vortex counting should be the half of the instanton counting since Yang-Mills instantons can stably exist even in the Higgs phase when they are trapped inside non-Abelian vortices [5] . The partition function of the non- 20 The renormalization group flow for r in the case of k = 1 vortex in N = 2 U (N ) supersymmetric theories was found in Refs. [3, 4] .
This means that the baryon is mapped by the operatorâ I as
Therefore, we find that the operator k I=1 (λ −â I ) acts on the baryons as
Namely, the vortex state should be an eigenstate of the operator Comparing the coefficient of λ i on both sides, we obtain the constraint (2.25).
3. The left hand side of Eq. (2.26) is
where A i and B i each denote a pair of indices (n, r). Let us focus on the following part 
